
Chapter 1

Introduction

The central theme of this work is the transmission of information through noisy com-

munication channels. The word information means different things to different people,

so it is worthwhile to begin the discussion with a clear definition of the term. State-

ments like “Canada has an information-based economy” suggest that information is

some kind of commodity that can be shipped on trains for export like oil or lumber.

In the world of digital electronics, the word information is used as a synonym for the

word data as in “How much information can you store on your USB memory stick?”.

In that context, most people would say that a 7MB mp3 file contains just as much

information as a 7MB file full of zeros.

In this work we will use the term information in the sense originally defined by

Claude Shannon [Sha48]. Shannon realized that in order to study the problems of

information storage and information transmission mathematically, we must step away

from the semantics of the messages and focus on their statistics. Using the notions of

entropy, conditional entropy and mutual information, we can quantify the information

content of data sources and the information transmitting abilities of noisy communi-

cation channels.

We can arrive at an operational interpretation of the information content of a data

source in terms of our ability to compress it. The more unpredictable the content of

the data is, the more information it contains. Indeed, if we use WinZip to compress

the mp3 file and the file full of zeros, we will see that the latter will result in a much

smaller zip file, which is expected since a file full of zeros has less uncertainty and, by
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1.2 Information theory

extension, contains less information.

We can similarly give an operational interpretation of the information carrying

capacity of a noisy communication channel in terms of our ability to convert it into

a noiseless channel. Channels with more noise have a smaller capacity for carrying

information. Consider a channel which allows us to send data at the rate of 1 MB/sec

on which half of the packets sent get lost due to the effects of noise on the channel. It

is not true that the capacity of such a channel is 1 MB/sec, because we also have to

account for the need to retransmit lost packets. In order to correctly characterize the

information carrying capacity of a channel, we must consider the rate of the end-to-

end protocol which converts many uses of the noisy channel into an effectively noiseless

communication channel.

1.1 Information theory

xTx y Rx
� ≡ p(y|x)

Figure 1.1: A point-to-
point channel ≡ pY |X(y|x).

Information theory studies models of communication

which are amenable to mathematical analysis. In order

to model the effects of noise (�) in a point-to-point com-

munication scenario, we represent the inputs and outputs

of the channel probabilistically. We describe the channel

as a triple (X , pY |X(y|x),Y), where X is the set of possible

symbols that the Transmitter (Tx) can send, Y is the set of possible outputs that the

Receiver (Rx) can obtain and pY |X(y|x) is a conditional probability distribution describ-

ing the channel’s transition probabilities. This model is illustrated in Figure 1.1, where

random variables are pictorially represented as small triangles ( ). For example, the

noiseless binary channel is represented as the triple ({0, 1}, pY |X(y|x) = δ(x, y), {0, 1}).

Using this model of the channel, it is possible to calculate the optimal communica-

tion rates from Transmitter to Receiver in the limit of many independent uses of the

channel [Sha48]. These theoretical results have wide-reaching applications in many ar-

eas of communication engineering but also in other fields like cryptography, computer

science, neuroscience and even economics. So long as a probabilistic model for the

channel at hand is available, we can use this model and the techniques of information

theory to arrive at precise mathematical statements about its suitability for a given

communication task in the limit of many uses of the channel.
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Chapter 2

Background

In this chapter we present all the necessary background material which is essential to

the results presented in subsequent chapters.

2.1 Notation

We will denote the set {1, 2, . . . , n} as [1 : n] or with the shorthand [n]. A random

variable X, defined over a finite set X , is associated with a probability distribution

pX(x) ≡ Pr{X = x}, where the lowercase x is used to denote particular values of

the random variable. Furthermore, let P(X ) denote the set of all probability mass

functions on the finite set X . Conditional probability distributions will be denoted as

pY |X(y|x) or simply pY |X .

In order to help distinguish between the classical systems (random variables) and

the quantum systems in the equations, we use the following naming conventions. Clas-

sical random variables will be denoted by letters near to the end of the alphabet (U ,

W , X1, X2) and denoted as small triangles, , in the diagrams of this thesis. The

triangular shape was chosen in analogy to the 2-simplex ≡ P({1, 2, 3}). Quantum sys-

tems will be named with letters near the beginning of the alphabet (A, B1, B2) and

represented by circles, , in diagrams. The circular shape is chosen in analogy with

the Bloch sphere [LS11].

Consider a communication scenario with one or more senders (female) and one or

more receivers (male). In diagrams, a sender is denoted Tx (short for Transmitter)
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and is associated with a random variable X. If there are multiple senders, then each

of them will be referred to as Sender k and associated with a random variable Xk.

Receivers will be denoted as Rx 1, Rx 2 and each is associated with a different output

of the channel. The outputs of a classical channel will be denoted as Y1, Y2, and the

outputs of a quantum channel will be denoted as ρB1 , ρ
B2 .

The purpose of a communication protocol is to transfer bits of information from

sender to receiver noiselessly. In this respect, the noiseless binary channel from sender

to receiver is the standard unit resource for this task:

(X = {0, 1}, pY |X(y|x) = δ(x, y), Y = {0, 1}) ≡ [c → c], (2.1)

where we have also defined the more compact notation [c → c]. We will use [c → c] to

denote the communication resource of being able to send one bit of classical information

from the sender to the receiver [DHW08]. The square brackets indicate that the re-

source is noiseless. In order to describe multiuser communication scenarios, we extend

this notation with superscripts indicating the sender and the receiver. Thus, in order

to denote the noiseless classical communication of one bit from Sender k to Receiver z

we will use the notation [ck → c
z]. The communication resource which corresponds to

the sender being able to broadcast a message to Receiver 1 and Receiver 2 is denoted

as [c → c
1
c
2]. All the coding theorems presented in this work are protocols for convert-

ing many copies of some noisy channel resource into noiseless classical communication

between a particular sender and a particular receiver as described above.

Codebooks {xn(m)}m∈M are lookup tables for codewords representing a discrete

set of messages M = {1, 2, 3, . . . , |M|} that could be transmitted. A communication

rate R is a real number which describes our asymptotic ability to construct codes

for a certain communication task. We will use the notation |M| = 2nR, and M =

{1, 2, 3, . . . , |M|} ≡ [1 : 2nR], in which 2nR should be interpreted to indicate �2nR�.

Let Rn

+
≡ {�v ∈ Rn | vi ≥ 0, ∀i ∈ [1 : n]} be the non-negative subset of Rn. We

will denote a rate region as R ⊆ Rn

+
and the boundaries of regions as ∂R. We denote

points as P ∈ Rn and denote the convex hull of a set of points {Pi} as conv({Pi}).
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Chapter 2 : Background

2.2 Classical typicality

We present here a number of properties of typical sequences [CT91].

2.2.1 Typical sequences

Consider the random variable X with probability distribution pX(x) defined on a finite

set X . Denote by |X | the cardinality of X . LetH(X) ≡ H(pX) ≡ −
�

x
pX(x) log2 pX(x)

be the Shannon entropy of pX , and it is measured in units of bits. The binary entropy

function is denoted H2(p0) ≡ −p0 log2(p0) − (1 − p0) log2(1 − p0) ≡ H2(p1), where

p0 ≡ pX(0) and p1 ≡ 1− p0.

Denote by x
n a sequence x1x2 . . . xn, where each xi, i ∈ [n] belongs to the finite

alphabet X . To avoid confusion, we use i ∈ [1 : n] to denote the index of a symbol

x in the sequence x
n and a ∈ [1, 2, . . . , |X |] to denote the different symbols in the

alphabet X .

Define the probability distribution pXn(xn) on X n to be the n-fold product of pX :

pXn(xn) ≡
�

n

i=1
pX(xi). The sequence x

n is drawn from pXn if and only if each letter

xi is drawn independently from pX . For any δ > 0, define the set of entropy δ-typical

sequences of length n as:

T
n

δ
(X)≡

�
x
n
∈ X

n :

����−
log pXn(xn)

n
−H(X)

����≤ δ

�
. (2.2)

Typical sequences enjoy many useful properties [CT91]. For any �, δ > 0, and

sufficiently large n, we have

�

xn∈T (n)
δ (X)

pXn(xn) ≥ 1− �, (2.3)

2−n[H(X)+δ]
≤ pXn(xn)≤ 2−n[H(X)−δ]

∀x
n
∈ T

(n)

δ
(X), (2.4)

[1− �]2n[H(X)−δ]
≤|T

(n)

δ
(X)|≤ 2n[H(X)+δ]

. (2.5)

Property (2.3) indicates that a sequence X
n of random variables distributed ac-

cording to pXn =
�

n
pX (identical and independently distributed), is very likely to be

typical, since all but � of the weight of the probability mass function is concentrated
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2.2 Classical typicality

X n

T
(n)

δ
(X)

Figure 2.1: The typical set. Property (2.3) implies that draws of a random sequence Xn ∼

pXn ≡
�

n pX are likely to fall inside the typical set T (n)

δ
(X) ⊂ X n with high probability. If

draws from Xn ∼
�

n pX are represented as points, then after many draws the typical set will

become darker as the shaded region in the diagram. The probability mass density on T
(n)

δ
(X)

is approximately uniform: it varies between 2−n[H(X)+δ] and 2−n[H(X)−δ] (Property (2.4)),
and the size of the shaded area will be at most 2n[H(X)+δ] (Property (2.5)). The non-typical

set, X n \ T
(n)

δ
(X), will have at most � weight in it (Property (2.3)).

on the typical set, which follows from the law of large numbers. Property (2.4) follows

from the definition of the typical set (2.2). The lower bound on the probability of the

typical sequences from (2.4) can be used to obtain an upper bound on the size of the

typical set in (2.5). Similarly the upper bound from (2.4) and equation (2.3) can be

combined to give the lower bound on the typical set in (2.5).

2.2.2 Conditional typicality

Consider now the conditional probability distribution pY |X(y|x) associated with a

communication channel. The induced joint input-output distribution is (X, Y ) ∼

pX(x)pY |X(y|x), when pX(x) is used as the input distribution.

The conditional entropy H(Y |X) for this distribution is

H(Y |X) = H(X, Y )−H(X) =
�

xa∈X

pX(xa)H(Y |xa). (2.6)

where H(Y |xa) = −
�

y
pY |X(y|xa) log pY |X(y|xa).

We define the x
n-conditionally typical set T

(n)

δ
(Y |xn) ⊆ Yn to consist of all se-

quences yn which are typically output when the input to the channel is xn:

T
(n)

δ
(Y |x

n)≡

�
y
n
∈ Y

n :

����−
log pY n|Xn(yn|xn)

n
−H(Y |X)

����≤ δ

�
, (2.7)
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Chapter 2 : Background

X n

T
(n)

δ
(X)

Yn

T
(n)

δ
(Y )

T
(n)

δ
(Y |xn)

xn

Figure 2.2: Illustration of the conditionally typical set T
(n)

δ
(Y |xn) and the output-typical

set T
(n)

δ
(Y ). The “density” of T (n)

δ
(Y ), the lightly shaded area, is at least 2−n[H(Y )+δ], and

the size of T (n)

δ
(Y ) is at most 2n[H(Y )+δ]. The size of T (n)

δ
(Y |xn), the darker shaded region,

is no greater than 2n[H(Y |X)+δ] for an xn picked on average.

with pY n|Xn(yn|xn) =
�

n

i=1
pY |X(yi|xi). The definition in (2.7) can be rewritten as:

2−n[H(Y |X)+δ]
≤ pY n|Xn(yn|xn) ≤ 2−n[H(Y |X)−δ]

, ∀y
n
∈ T

(n)

δ
(Y |x

n), (2.8)

for any sequence x
n.

Suppose that a random input sequence X
n ∼ pXn =

�
n
pX is passed through

the channel pY n|Xn . Then a conditionally typical sequence is likely to occur. More

precisely, we have that for any �, δ > 0, and sufficiently large n the statement is true

under the expectation over the input sequence X
n:

E
Xn

�

yn∈T (n)
δ (Y |Xn)

pY n|Xn(yn|Xn) =
�

xn

pXn(xn)
�

yn∈T (n)
δ (Y |xn)

pY n|xn(yn|xn)

≥ 1− �. (2.9)

We also have the following bounds on the expected size of the conditionally typical set:

[1− �]2n[H(Y |X)−δ]
≤ E

Xn

���T (n)

δ
(Y |X

n)
��� ≤ 2n[H(Y |X)+δ]

. (2.10)
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2.2 Classical typicality

2.2.3 Output-typical set

Consider the distribution over symbols y ∈ Y induced by the channel N ≡ pY |X(y|x)

whenever the input distribution is pX(x):

pY (y) ≡
�

x

pY |X(y|x)p(x) = EXN . (2.11)

We define the output typical set as

T
(n)

δ
(Y )≡

�
y
n
∈ Y

n :

����−
log pY n(yn)

n
−H(Y )

����≤ δ

�
, (2.12)

where pY n =
�

n
pY . Note that the output-typical set is just a special case of the

general typical set shown in (2.2). The terminology output-typical is introduced to

help with the exposition.

When the input sequences are chosen according to X
n ∼ pXn =

�
n
pX , then

output sequences are likely to be output-typical:

E
Xn

�

yn∈T (n)
δ (Y )

pY n|Xn(yn|Xn) ≥ 1− �. (2.13)

An illustration and an intuitive interpretation of (2.9), (2.10) and (2.13) is pre-

sented in Figure 2.2. The expression in (2.9) for the property of the conditionally

typical set T
(n)

δ
(Y |xn) is the analogue of the typical property (2.3) for T

(n)

δ
(X). The

interpretation is that the codewords of a random codebook are likely to produce output

sequences that fall within their conditionally typical sets. This property will be used

throughout this thesis to guarantee that the decoding strategies based on conditionally

typical sets correctly recognize the channel outputs. On the other hand, (2.10) gives us

both an upper bound and a lower bound on the size of the conditionally typical set for

a random codebook. Finally, Property (2.13) tells us that the outputs of the channel

which are not output-typical are not likely.
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Chapter 2 : Background

2.2.4 Joint typicality

Consider now the joint probability distribution pXY (x, y) ∈ P(X ,Y). Let (Xn
, Y

n) be

a pair of random variables distributed according to the product distribution
�

n
pXY .

We define the jointly typical set J (n)

δ
(X, Y ) ⊆ X n ×Yn to be the set of sequences

that are typical with respect to the joint probability distribution pXY and with respect

to the marginals pX and pY .

J
(n)

δ
(X, Y ) ≡





(xn

, y
n) ∈ X

n
× Y

n

�������

x
n ∈ T

(n)

δ
(X)

y
n ∈ T

(n)

δ
(Y )

(xn
, y

n) ∈ T
(n)

δ
(X, Y )





. (2.14)

A multi-variable sequence, therefore, is jointly typical if and only if all the sequences

in the subsets of the variables are jointly typical.

The probability that two random sequences drawn from the marginalsXn ∼
�

n
pX

and Y
n ∼

�
n
pY are jointly typical can be bounded from above by 2−n[I(X;Y )−δ]. This

is straightforward to see from the definition in (2.14) and the properties of typical sets.

If (xn
, y

n) is such that xn ∈ T
(n)

δ� (X) and y
n ∈ T

(n)

δ� (Y ) then pXn(xn) ≤ 2−n[H(X)−δ
�
] and

pY n(yn) ≤ 2−n[H(Y )−δ
�
]. On the other hand, we know that the number of sequences that

are typical according to the joint distribution is no larger than 2n[H(XY )+δ
��
]. Combining

these two observations we get:

�

(xn,yn)∈T (n)

δ�� (X,Y )

pXn(xn)pY n(yn) ≤
���T (n)

δ�� (X, Y )
��� 2−n[H(X)−δ

�
]2−n[H(Y )−δ

�
]

≤ 2n[H(XY )+δ
��
]2−n[H(X)−δ

�
]2−n[H(Y )−δ

�
]

= 2−n[I(X;Y )−δ]
. (2.15)

Note that the parameter δ = 2δ�+δ
�� is a function of our choice of typicality parameters

for the typical sets.

2.3 Introduction to quantum information

The use of quantum systems for information processing tasks is no more mysterious

than the use of digital technology for information processing. The use of an analog

15



Chapter 3

Point-to-point communication

In this chapter we describe the point-to-point communication scenario in which there

is a single sender and a single receiver. In Section 3.1, we review Shannon’s channel

coding theorem and give the details of the achievability proof in order to introduce the

idea of random coding in its simplest form. Our presentation is somewhat unorthodox

since we use only the properties of the conditionally typical sets and not the jointly

typical sets. Though, following this approach allows us to directly generalize our proof

techniques to the quantum case.

In Section 3.2.1 we will discuss the Holevo-Schumacher-Westmoreland (HSW) The-

orem and show an achievability proof. We do so with the purpose of introducing im-

portant background material on the construction of quantum decoding operators. We

show how to construct a decoding POVM defined in terms of the conditionally typical

projectors. Readers interested only in the essential parts should consult Lemma 3.1

and Lemma 3.2, since they will be used throughout the remainder of the text.

3.1 Classical channel coding

The fundamental problem associated with communication channels is to calculate and

formally prove their capacity for information transmission. We can think of the use of

a channel N as a communication resource, of which we have n instances. Each use of

the channel is assumed to be independent, and modelled by the conditional probability

distribution pY |X(y|x), where x and y are elements from the finite sets X , Y . This is
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3.1 Classical channel coding

called the discrete memoryless setting.

Our goal is to study the rate R at which the channel N can be converted into

copies of the noiseless binary channel [c → c] ≡ δ(x, y), x, y ∈ {0, 1}, which represents

the canonical unit resource of communication. This conversion can be expressed as

follows:

n · N
(1−�)

−→ nR · [c → c]. (3.1)

This equation describes a protocol in which n units of the noisy communication resource

N are transformed into nR bits of noiseless transmission, and the protocol succeeds

with probability (1 − �). Note that we allow the communication protocol to fail with

probability �, but � is an arbitrarily small number for sufficiently large n. To prove

that the rate R is achievable, one has to describe the coding strategy and prove that

the probability of error for that strategy can be made arbitrarily small. Usually, the

right hand side in equation (3.1) is measured as the number of different messages

M ≡ {1, 2, . . . , 2nR} ≡ [1 : 2nR] that can be transmitted using n uses of the channel.

One can think of the nR individual bits of the message as being noiselessly transmitted

to the receiver. The channel coding pipeline can then be described as follows:

m

∈ M

E X
n

∈ Xn

Y
n

∈ Yn

�
n
p(y|x)

D M
�

∈ M

Figure 3.1: Classical channel coding setup. The diagram shows the encoding, transmission
and decoding steps of a communication protocol that uses n copies of the classical channel
N = (X , pY |X(y|x),Y).

The probability of error when sending message m is defined as pe(m) ≡ Pr{M � �=

m}, where M
� ≡ D ◦N n ◦ E(m) is the random variable associated with the output of

the protocol. The average probability of error over all messages is

p̄e ≡
1

|M|

�

m∈M

Pr{M �
�= m}. (3.2)

This is the quantity we have to bound when we perform an error analysis of some

coding protocol.

Definition 3.1. An (n,R, �) coding protocol consists of a message set M, where

|M| = 2nR, an encoding map E : M → X n described by a codebook {xn(m)}m∈M,

and a decoding map D : Yn → M such that the average probability of error is bounded
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Chapter 3 : Point-to-point communication

from above as p
e
≤ �.

A rate R is achievable if there exists an (n,R− δ, �) coding protocol for all �, δ > 0

as n → ∞.

3.1.1 Channel capacity

The capacity C of a channel is the maximum of the rates R that are achievable, and

is established in Shannon’s channel coding theorem.

Theorem 3.1 (Channel capacity [Sha48, Fei54]). The communication capacity of a

discrete memoryless channel (X , pY |X(y|x),Y) is given by

C = max
pX

I(X;Y ), (3.3)

where the optimization is taken over all possible input distributions pX(x). The mutual

information is calculated on the induced joint probability distribution

(X, Y ) ∼ pXY (x, y) = pX(x)pY |X(y|x). (3.4)

The proof of a capacity theorem usually contains two parts:

• A direct coding part that shows that for all �, δ > 0, there exists a codebook

E(m) ≡ {xn(m)} of rate R = C − δ and a decoding map D with average proba-

bility of error p̄e ≤ �.

• A converse part that shows that the rate C is the maximum rate possible. A

converse theorem establishes that the probability of error for a coding protocol

(n,C + δ, �) is bounded away from zero (weak converse), or that the probability

of error goes exponentially to 1 (strong converse).

Proof. We give an overview of the achievability proof of Theorem 3.1 in order to in-

troduce key concepts, which will be used in the other proofs in this thesis.

We use a random codebook with 2nR = |M| codewords xn ∈ X n generated inde-

pendently from the product distribution pXn(xn) =
�

n
pX(xi). When the sender wants

to send the message m ∈ M, she will input the m
th codeword, which we will denote

as xn(m). Let Y n denote the resulting output of the channel. The distribution on the

output symbols induced by the input distribution is pY (y) ≡
�

x
pY |X(y|x)p(x), and
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3.1 Classical channel coding

define the set of output-typical sequences T (n)

δ
(Y ) according to the distribution pY . For

any sequence x
n, denote the set of conditionally typical output sequences T (n)

δ
(Y |xn).

Given the output of the channel yn, the receiver will use the following algorithm:

1. If yn �∈ T
(n)

δ
(Y ), then an error is declared.

2. Return m if y
n is an element of the conditionally typical set T

(n)

δ
(Y |xn(m)).

Report an error if no match or multiple matches are found.

We now define the three types of errors that may occur in the protocol when the

message m is being sent.

(E0): The event that the channel output Y n is not output-typical: {Y n �∈ T
(n)

δ
(Y )}.

(E1): The event that the channel output sequence Y n is not in the conditionally typical

set {Y n �∈ T
(n)

δ
(Y |xn(m))}, which corresponds to the message m.

(E2): The event that Y n is output-typical and it falls in the conditionally typical set

for another message:

{Y
n
∈ T

(n)

δ
(Y )} ∩

�
�

m� �=m

{Y
n
∈ T

(n)

δ
(Y |x

n(m�)),m�
�= m}

�
. (3.5)

We can bound the probability of all three events when a random codebook is used,

that is, we will take the expectation over the random choices of the symbols for each

codeword. We define the expectation of an event as the expectation of the associated

indicated random variable.

The bound EXn (E0) ≤ � follows from (2.13). The crucial observation for the proof

is to use the symmetry of the code construction: if the codewords for all the messages

are constructed identically, then it is sufficient to analyze the probability of error for

any one fixed message. We obtain a bound EXn (E1) ≤ � from (2.9).

In order to bound the probability of error event (E2), we will use the classical

packing lemma, Lemma A.1 in Appendix A.2. Using the packing lemma with U = ∅,

we obtain a bound on the probability that the conditionally typical sets for different

messages will overlap. We can thus bound the expectation of the probability of error
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Chapter 3 : Point-to-point communication

event (E2) as follows:

E
Xn

Pr{(E2)} ≤ |M| 2−n[I(X;Y )−δ]
.

We can now use the union bound to bound the overall probability of error for our

code as follows:

E
Xn

{p̄e} = E
Xn

Pr{(E0) ∪ (E1) ∪ (E2)}

≤ E
Xn

Pr{(E0)}+ E
Xn

Pr{(E1)}+ E
Xn

Pr{(E2)}

≤ � + � + |M| 2−n[I(X;Y )−δ]

= � + � + 2−n[I(X;Y )−R−δ]
.

Thus, in the limit of many uses of the channel, we have:

E
Xn

{p̄e} ≤ �
�
, (3.6)

provided the rate R ≤ I(X;Y )− 2δ.

The last step is called derandomization. If the expected probability of error of

a random codebook can be bounded as above, then there must exist a particular

codebook with p̄e ≤ �
�, which completes the proof.

Note that it is possible to use an expurgation step and throw out the worse half

of the codewords in order to convert the bound on the average probability of error p̄e

into a bound on the maximum probability of error p̄max

e
= maxm pe(m) [CT91].

3.2 Quantum communication channels

σATx ρB Rx
NA→B

Figure 3.2: A point-
to-point quantum channel
NA→B.

A quantum channel (HA
,NA→B

,HB) is described as a com-

pletely positive trace-preserving map NA→B which takes a

quantum system in state σ
A ∈ D(HA) as input and out-

puts a quantum system ρ
B ∈ D(HB). Figure 3.2 shows an

example of such a channel. In recent years, the techniques
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